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ON ONE-SIDED POLYNOMIAL L1 APPROXIMATION

LAMIJA ŠĆETA

ABSTRACT. In this paper we derive one-sidedL1 approximation by polynomials
of a certain function defined on interval[−1,1].

1. INTRODUCTION

For a function f defined on segment[a,b] and satisfying certain conditions a
problem of one-sidedL1 approximation (see, e.g. [1], [2], [3], [4]) consists in
finding polynomialsPn and pn defined on[a,b] of degreen such thatpn (x) ≤
f (x) ≤ Pn(x) on [a,b] and such that the integral

∫ b
a

Pn(x)−pn(x)√
(x−a)(b−x)

dx is bounded by a

certain functiong(n) which decays to zero, asn→+∞.
In applications of one-sidedL1 approximation to deriving theorems of Tauberian

type for Laplace transform with optimal remainder term it isalso important to
control the growth of coefficients of polynomialsPn andpn as well as the difference
Pn(x)− pn(x), uniformly in x∈ [a,b].

In this paper we prove a theorem on one-sidedL1 approximation of function

Fm,β(x) :=

{

[

ln
(

1+ 1−x
1+x

)]β [
ln
( 1+x

1+b

)]m
, for b≤ x≤ 1

0, for −1≤ x< b
(1.1)

by polynomialsPn andpn of degree less than or equal ton such that the difference
Pn(x)− pn (x) is bounded by1

nm . Herem is non-negative integer,β is a real number
which satisfies certain conditions andb∈ (−1,1) is fixed number.

One-sidedL1 approximation of functionFm,β is important for applications to
Tauberian type theorems for Laplace-Stieltjes transform (see, e.g. [6] where this
function is used).
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2. PRELIMINARIES

The techniques developed by Freud in [1], [2], [3], [4] and used in the proof
of Tauberian type theorems for Laplace transforms are basedon one-sidedL1 ap-
proximation by polynomials. Here we recall Freud’s one-sided polynomialL1 ap-
proximation theorem ofm times differentiable function, whosemth derivative is of
bounded variation.

Theorem 2.1. [5, Chapter VII, Theorem 7.1] [4, Theorem 1]Let f on[−1,1] be
real and an indefinite integral of order m≥ 1 of a function of bounded variation.
Then there are constants A1, A2 and A3 such that for every n∈ N there are polyno-
mials pn and Pn of degree≤ n with the following properties:

pn(x) ≤ f (x) ≤ Pn(x), −1≤ x≤ 1; (2.1)∫ 1

−1

Pn(x)− pn(x)√
1−x2

dx≤ A1

nm+1 ; (2.2)

v(pn) ,v(Pn)≤ An
2, (2.3)

where v(pn) and v(Pn) denote sums of absolute values of coefficients of polynomials
pn and Pn respectively.

J. Korevaar [5] applied Freud’s approximation Theorem 2.1 to the function

Fm(x) :=

{ [

ln
(

1+x
1+b

)]m
, zab≤ x≤ 1;

0, za −1≤ x< b
(2.4)

whereb∈ (−1,1) is fixed number, to prove the theorem:

Theorem 2.2. [5, Chapter VII, Theorem 8.1]For an integer m≥ 0 and fixed b∈
(−1,1), let Fm,β(x) be the function given by(2.4). Then there are constants D1,D2

and D3 such that for every integer k≥ 2µ+1 there are polynomials qk and Qk of
degree≤ k with the following properties:

qk(x) ≤ Fm(x)≤ Qk(x) on (−1,1);

Qk(−1) = qk(−1) = 0, Qk(1) = qk(1) = 1;
1∫

−1
[Qk(x)−qk(x)] dx

(1−x2)µ+1/2 ≤ D1
km+1 ;

v(qk) ,v(Qk)≤ D2Dk
3.

Theorem 2.2. is important for derivation of the Tauberian type theorem for the
Laplace transform, see [5, Chapter VII, Theorem 3.1 and Theorem 3.2]. In certain
applications, specially in number theory (see [6]) it is of interest to derive Tauberian
type theorems for the Laplace-Stieltjes transform, in which case a polynomialL1-
approximation of the function (1.1) which is generalisation of (2.4) is needed.
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3. MAIN RESULT

In the proof of our main result we need the following lemma.

Lemma 3.1. Let the real function f , defined on[−1,1] be indefinite integral of or-
der m≥ 1 of some function̄fm(x) of bounded variation. Then there exist constants
A1, A2 and A3 such that for n∈ N large enough there are polynomials pn and Pn of
degree less than or equal to n with the following properties:

pn(x) ≤ f (x) ≤ Pn(x), −1≤ x≤ 1; (3.1)∫ 1

−1

Pn(x)− pn(x)√
1−x2

dx≤ A1

nm+1 ; (3.2)

v(pn) ,v(Pn)≤ An
2; (3.3)

Pn(x)− pn(x)≤
A3

nm, −1< x< 1, (3.4)

where v(pn) and v(Pn) denote sums of absolute values of coefficients of polynomials
pn and Pn respectively.

Proof. First three properties follow from Theorem 2.1. Assume thatthe property
(3.4) is not true. Then, for every positive numberA inequality

Pn(x)− pn(x)>
A
nm, x∈ (−1,1), holds for n∈ N large enough.

It implies that∫ 1

−1

Pn(x)− pn(x)√
1−x2

dx>
A
nm

∫ 1

−1

dx√
1−x2

=
Aπ
nm =

Anπ
nm+1 ,

∀A> 0, for n∈ N large enough.

This contradicts the property (3.2). Therefore, we may conclude that the property
(3.4) hold. �

We are interested in approximation of functionFm,β(x) given by (1.1) wherem
is non-negative integer,β is real number which satisfies certain conditions andb∈
(−1,1) is fixed number. The following Theorem generalizes the result of Theorem
2.2.

Theorem 3.2. For non-negative integers m and µ, real numberβ ≥ m+ µ and
a fixed b∈ (−1,1), let Fm,β(x) be the function given by(1.1). Then, there are
constants D1,D2,D3 and D4 such that for integers n≥ 2µ+1 large enough there
are polynomials pn and Pn of degree less than or equal to n with the following
properties:

pn(x)≤ Fm,β(x) ≤ Pn(x), for x∈ (−1,1);
1∫

−1

[Pn(x)− pn(x)]
dx

(1−x2)µ+1/2
≤ D1

nm+1 ;
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v(pn) ,v(Pn)≤ D2Dn
3;

Pn(x)− pn(x) ≤ D4/nm, for x∈ (−1,1).

Proof. For given integerµ≥ 1 we will consider the function

f (x) =
Fm,β(x)

(1−x2)µ . (3.5)

Aroundx= 1, write

Fm,β(x) =

(

1−x
1+x

)β
Gm,β(x),

whereGm,β has Taylor series expansion of every order aroundx= 1. Near the point
x= 1 we have

f (x) =
(1−x)β−µ

(1+x)β+µ
Gm,β(x).

The function f (x) is an indefinite integral of orderm of a function of bounded
variation on(−1,1), sinceβ > m+µ.

Applying Lemma 3.1 to the functionf (x) defined by (3.5) we deduce that there
exist constantsA1, A2 andA3 such that for every integern greater or equal to 2µ+2
there are polynomialsp∗n−2µ andP∗

n−2µ of degree less than or equal ton− 2µ− 1
such that the following four properties are satisfied:

p∗n−2µ(x)≤ f (x)≤ P∗
n−2µ(x), for −1≤ x≤ 1;

∫ 1

−1

[

P∗
n−2µ(x)− p∗n−2µ(x)

] dx√
1−x2

≤ A1

(n−2µ−1)m+1 ;

v(p∗n−2µ),v(P
∗
n−2µ)≤ An−2µ−1

2 ;

P∗
n−2µ(x)− p∗n−2µ(x)≤

A3

(n−2µ−1)m, for −1< x< 1.

Now, we can define polynomialspn andPn by:

pn(x) =
(

1−x2)µ
p∗n−2µ(x), Pn(x) =

(

1−x2)µ
P∗

n−2µ(x).

Since
v
(

(1−x2)µ)= 2µ,

using above properties of a functionsp∗n−2µ andP∗
n−2µ we have

pn(x)
(1−x2)µ ≤ f (x) ≤ Pn(x)

(1−x2)µ for −1≤ x≤ 1;

∫ 1

−1

Pn(x)− pn(x)
(1−x2)µ

dx√
1−x2

≤ A1

(n−2µ−1)m+1 ;

v(pn),v(Pn)≤ 2µAn−2µ−1
2 ;

Pn(x)− pn(x)
(1−x2)µ ≤ A3

(n−2µ−1)m, for −1< x< 1.
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By definiton of a functionf we have

pn(x)≤ Fm,β(x) ≤ Pn(x) for −1≤ x≤ 1;
∫ 1

−1
[Pn(x)− pn(x)]

dx

(1−x2)µ+1/2
≤ A1

(n−2µ−1)m+1 ;

v(pn),v(Pn)≤ 2µAn−2µ−1
2 ;

Pn(x)− pn(x) ≤
A2

(n−2µ−1)m for −1< x< 1.

Then, there are constantsD1,D2,D3 andD4 such that for integersn ≥ 2µ+ 1
large enough the following four properties are satisfied:

pn(x) ≤ Fm,β(x)≤ Pn(x); for −1≤ x≤ 1;
1∫

−1

[Pn(x)− pn(x)]
dx

(1−x2)µ+1/2
≤ D1

nm+1 ;

v(pn) ,v(Pn)≤ D2Dn
3;

Pn(x)− pn(x)≤ D4/nm; for −1< x< 1.

This completes the proof. �

Remark3.3. Theorem 3.2 is an improvement of Theorem 2.2 in the sense that
it treats more general functionFm,β defined by (1.1). Theorem 3.2 also gives
control of the growth of the differencePn(x)− pn(x) as followsPn(x)− pn(x) ≤
D4/nm, for x∈ (−1,1).
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